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■ . . ^ ' BOOK TEN' • 

• •: "SURROUNDING" WITH CENTMvIKTER BLOCKS-^ 
^ V By Jack Churc'hiU g. 

"Surrounding", is^an activity with centimeter blocks such ai those available 
from several settees. It offers various types-'of problems that' push students 
into forming general mathematical solutions and 'deciding which ones, in various 
cases., Vire more "elegant, " < 

"u ' ■ ' ' ■ ■ ■ 

^Ihe ideas can be pursued in. any of the elementary grades. With older chil- 
dren one would move faster and search for general methods more rapidly. 

This 'description is detailed at first, then increasingly sketchy. The first 
part consists of exercis es. which should be done by the reader in the order given. 
Answers to these problems are given for, those who wish them. The latter part 
deals with more general questions and suggestions. 

It is important that the reader, as well as his s tudentsTliave a sufficient , 
number of centimeter bloci<s at hand when starting this work. Part of the game 
is to'learn how to do the problems without using the blocks, but the blocks should 
'always he avililable as a last resort. 

With a class you will need to give more problems than you will find^ere. 
At some point soon after you start, .have students write their predictions to each 

* 

problem before doing the problem with blocks;. Encoumge students to keep track 

of results-problem, prediction and actual res ult^in some kind of table. As 

suggested above, you will soon find most students confident about the actual 
• *' ' ' ■ ' • 

result as well as the prediction, all without recourse to the blocks. When this ' 

happens, it may be rewarding for you to ask s^veral^tudents to explain how it 
is that they can be so sure. 

The reader will notice that "surrounding" is related to finding the pe^meter, 
but not at al! the same thing. The rules for "surrounding" were chosen so is to 
make a^cpnaistent "game" with centimeter blocks. Rules, for finding berimeter' 
with blocks vcould be described, but they would generally be more complicated. 
At 'an appropriate stage the relationship of "surroijpding" to perimeter can be 
explored. . 



*'E. h. , Cuiaenaire Co. of America, 12 Church St. , New Rochello. N. Y. 
10805; or South West I|iport8, Ltd., P. O. Box 4071, Sta. D., Vancouver, B. C. 
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How many white, blocks does take 'to. surround a light green block? 
You cCn do this in ut least two likely ways:' 











1 











or 



For now, we will do it the second way. (Draw it on the -board. ) Fill 

in tht? corn^ers. This is what we will mean by "surrounding" the rules 

of the game. Also, fqr now, 'surrounding means using white blocks. So,' 
surrounding light green takes 12 blocks, • \ ■ ' 



i) 



■ w 



Proble^nis; 



3. 



5. 



Surround Answer; 10 

Surround pink: A nswer; l4' 
Surround yellow: 



Without doing it or computing yet, predict how many blocks it 

will, take to surround dar^ green: 

(Check your prediction by doing it with blocks,) 

> ^ . . ' \ ^ . ■ 

Predict how many lor blue: . 



6» . Predict how niany for orange: 



p. 4 
V p. 5 



' Problems left unanswered hefe are to be worfee;^ by the reader.as he 
proceeds. Answers will be found at the bottom of the page indicated at the 
right pjLflkach exercls^. For example, the answer to problem' 5 is on 
page 4. By meatus of this "teaching machine" arrangement, the reader 
_ may chepk the answer to one problem without inadvertently, learning the 
• anawer to the next. p | 
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X* ♦ Deptmcling on the age and e^erience of your students, ypu ma^jy; soon 
get some vnethods for doing^'J^ese problems • One s\;ch method, might 
V be to t^ke the length ;of the block, double U and add 6 , which may be 
abbreviatcMl as Z X L + 6 . Givo^nother niethod. 



.8. Surround two reds that have been placed end to end: . 

^ ' blocks. . ^ ' 

9. ' Samo with two yellows end to end. . ■ 

10, Same with two ortinges.. - 



p.. 6 
p. 7. 

'J. 

p. 8 



11. A yellow and an orange are end to end. [| 
How many blocks surround them? ■ 



Separate them. 



] c 



Now how many blocks to surround them? 



P-.9 



p/ia^^ 



i'he blocks, are to be Surrounded in this manner: 




l^y»thLs titne'c^iihlren will usually have invented shortcuts for thCjlaborious ' 
])iM)ce.ss of arranging white blc)cks . They may decide to use yellows or sdm^ , 
olh(»r colur as tticasurlng blocks. Probably any such system should be eo- 
couragtj'^l if it gives correct answers' in terms of white, blocks . The invention 
of itiiMsuring bl()c:ka>.or othor fa.st methods is not only an important idea in,y 
itsi^lf, hut it Ranges the problem from a simple (if tedious) one of .jcountijmg 
white* blocks to one of doii^-^g such probjcms as 6X5 ^ 12 or • 
^ + ^1 S V S + 5 + 5 +. 3 + 3 + 3 + 3 . Such ''shortcuts^'acan be 
*(iuite luird-' W()rk r()r ^hild rp.n*weak in computati4)nJ 



> > 
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answe r: 



Z8 



9 



18 



'7- 



24 



V 



17 



6 



A br.own and a black are end to end. Surround: 
.« S^-P'^^iit^'tht;in. S'urrounc};/ 



I. l i. A hliu? and a daf k^grcen atfe t>r\d to end.., Surr9und: ' 
Soparatf thtim. Surround: • . ' . 

14. y Draiw»a conclusion; 



On the bayis of this Qonclusion, predict what happens in the 
rollowinj^ You have surrounded an orange and a blue end to 
../-end. You then sep4rate^them and surr.ov^ them. How many 
■njoro, blocks do you nepd? ' (Don't write .the 

total number of blocks;^write the increase.) 



\) ^^""^ have surrounded three yellows end to end. . Predict how 
, many more , blocks you" need to surround, them separately: 

■ ' If you are in doubt, do it. Were you right? 

-' 16. .^^ You hav|.' surrounded '3.1 black blocks erit^o end. How many 
• more whiti- blocks, needed to surround'the'm separately? 



" l'^- You have surrounded 931 blac^locks end to end." How many 
. rt^ore to surround them^ separately ? ^ ^ 



18 



answers) 20 36 26 • 



.!• Surround 2 yellows side by aide: 



I, Surround 2 dark greens side by side: 



r 



3, Svir round Z blues side by side: 



4, Surround 2 oranges side by side: 



.5. S^irround 3 yellows side by side: 



6\ Surround 5 yellows side by side: 



7,^ Surround 12 pinks side by side:. 



Recall the general methods* of predicting answers when surround- 
ing single blocks of various lengths. SoTne, si^ch as 2 X L + 6> 
are,j|fot xxse^xxl for solving the last few proj^lems, but may suggest 
new rules^hat are. Give .two possibilities: 

/ ■ . ■ ■ ■ - 



se one of your methods to find how many blocks wOuld 
neecled to surround 47 blues side by side, . . ■ . 



page; 
answejr:^ 



1 

24 



9 



18 



36 IT, .28, ■ 



8 



III. 



*■ ■ i i 



♦ When two blocks of dUfe rent le.ng|,Ks are side by side.^ 'we shall' 
surround them this way: ' ' " 





/^."tt) th'at..evtvr>V corner as weiras.every,. side is corripletely covered, but 
• •n&i,white'; bl<<>ckd^ w^iich.^dfo not ''coveT a side or touch''' a corper are used. 



that 
Tlius 



•the fol^ljOvving are not to^xeGtly surrounded: 




'At least, nearly.' 
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10 18' 



26 24 28 



30 



9 



} 



1. Surround blaq^k; %nd pink side by siiSe: 



Without doing it, predict how many blocks will be needed to surround 
a black and yellow, side by'^ide. Prediction: 



3. Actual -ianswer for black and yellow side by side; 



4. Surround I blacks ^ide by side: 



S; Surround^ black and a whiter 



\ 



dJ 



r 



(Be, ca^efvilgto count only the whites ul^d in surrounding, not the ' 
one bemg surrounded,) i 



f>. Surround a black and a Vhite: 



( The white block is 'one" centimeter up from the corner of the ^lack block. ) 



page: 



10 18 



answers: 



14 36 



28 ' 28 



1 



1 



T 



7. SurrouncJ 2 oranges: 



/ 



> 



p. 14 



8. ^Surround an orange and a^ yellow: 



* 



V, 



p. 15 



9. Surround an orange and Z yellows: 



* p. 16 



1.0. Surround an orange and 




p. 1 7 



page: 



answer: 



26 



10 



Some possibilities: 
2 X 'L.+ 6 + 2 X (n - 1), 
2 X (L + n + 2) 1 
2 X (L + n) + 4 

(n is the humbej: of bl<^ks) 



28< 



18 



28 



o 
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21 



iPiiipMliHBIil 



^1 



1 1 . ' Surround orange and a red: 



p. 18 



7 



l^, Surround a.n orange and Z reds:. 



•13. SurrouncI an orange and 9 reds: 



> 3 



p. . 20 



8 
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14. ^.urrouAd an orange and 10 rj^.ds: 



.pager 

~ T-J^ 

answer: 



2 



10 



1^ 



.4-6 



116 28,. 



28 



J 




■ / 



l^. Stirromui an orange and -a yo^llow: 









* 














r— ^ 





p. 2 



Sur round ai| urarii^'e and a yellow: 



/ 



p. , 3 



17, Siu-'roiind an orango and a yellow: 



.1 . 



^ 1 



p. 4 



pa^e: 



ansWer: 



6 A 



36 22 



28 



28 



IV. 



i 



rh<> nolLona dovolopocl in the proceding sectiorf augguat that one way of 















s 
















* 






3 




7. 



and 



t 

r 



N 



at then^ a$ thoyigh they were 



H — -7-— H 

Nt)vv .consider the following: 



is to lopk 



I 



\ 



V' 1 « Svir round 



vSurroiind 



3. , Surround 



a 



p. 5 

p. 6 

"e. ■ 

p. 7 



4, Surround 









z 











p. 8 



^. Surround 



J 



p. 9. 
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answer: 



'2' 6 
-42"^— 



22 



20 



40 ' 72 and 44 



7. 





it**. 


c 






H 




3 






' S 1 5 





p. 10 



7- 



p. 1,2 



8. 




loo cm. 



I jT 



3 



p. -is 



p. 14- 

I 



\ 



f ■ • 



pager. . 



answer: 



3 



. 36 22 
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V. 



In th<! l\»ri'>^i)in^ you may have boon somowhat surprised to observe that 



10 



(a) 



requires 'thu aaii\o nun^ber of whites for surrounding as. *• 



V 



(b) 



10 



aivl lhal both arc the same for apr rounding as 



10 



it 



(c) 



J2 

EMC 
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answer: 



42 



22 



11 



50 

I 9 



■f ■ 



) 



As we saw, problems like { a ) and ' ( b ) , .above, suggested such formulas 
for 8urrQun<ling an this: , ; ' • Ij " 

whore Lj^^v^j^ is th^ length* of the longest block, n is the number of blocks 
to be am|»iftunded, and S is the number' of white blocks required for surround 

ing< (The 4 added at the end ropresentS the four corners.) In ( a ) , L = 

.... max • 

and n =.10. Thus the number of white blocks needed is ■ 

# 2. x 7 + 2 X lb + 4 38 ' 

But( c), which gave tlie same Tesul^ for surrounding,' suggested an 
elegant, different formula, r^amely, ; 

S 2 X Lj +• 2 X L2 + 6, ..; .. 

where is the lehgth of one block, and L2 is the length of the othe r. . 

(The 6 accounts for the whites needed for the ends of the train. ) In (c), 
L = 7 and - 9 , so that ' ■ 

^ ^= 2 X7 + 2 X 9' + 6 .= 3.^ 
.Two observations come to mind, bearing on the pleasant fact^that the 

results of the two formulas agree. One is that they have to give the same 
■ I . . ■ . • . ..... ' ■ ■ 

answer, since they deal with the same problem. A nice exercise for a fifth 

grader is to sl^' this, l/ow can the formulas always give the sarae result 

when one has a 4 adcled at the end and the other a 6 ?' Observe that if ( C ) 



i.s cons ide reel as 



it is amenable to trea'tmejat by the 



I I M I I I I I 



for nulla for ( a ) and (b ) . (It seems to be inherent in that formula that all 
blocks „ "run the same way" 0 . . ^ 

A .second question' is, if the formulas are the same, which of them is . 
likely to be the" more powerful or useful?'. To find out, one rhight consider 

: ■ ■ ■ 

page ; » ^ ^3 \ 6 11 ' ' _ - . 

answer: 36""^ 22 60 ^ * > ^ 



which approach works ^yith loei.at nxodifi'cation for such problenis as these: 



10 



10 



10 



to 



3 



1. 



VI. 



•r . 



Surround ix Invbwii. 



SvirroiuKl twjo blac'ks sidcj by 'sitlc. 



J- 



OP. 

•p. 15 
p. 16 



IIoNv iiiany dfirk gfi'ons side. by side can be Burx-ounded by II whites? 



What other groups containing blocks all of one color side by side 
can be surrounded j|>y 22 whites? 



■ ■ . ' • • • 

At this point a student observed: '*You just add. ^bne brown is one eight, 
and you add 1 + 8. The others are 2 + 7, 3 + 6, 4 + 5 , • and^^wTsn till 
you get 8 + 1 whi^h .is eight white blocks . They all add to the sa^iSthing, 

lad 



twelve 
ihe same, a s 



and they all surround with the same number. That means if you 
bluqs you could add 12 ,+ 9 to get 21 , and the answer would be 
tl^a arjswer for 20 +1 or surrounding two oranges end to end^ 

Another studeJt might have observed: . '.'And that iwould also be true for 
blue toj^ether with/eleven of any other; smaller Slock, iide by side. " 



Based oh this idea, here^is another formula for sur rounding^ 



2.x { L 



max. 



+ n - 1 ) + 6 



VII. 



The reader will have noted that one Can get into trouble if. one allows ' 
what rnight be called "hollow ,plac es one block wide" sue li as this: 



10 



IP 



page: 



14 
'22 



answer; 



28 



It may 'be wise <.o,anno*Unce earlyj^hat 8u<;h problems will be vruled out altogether, • 
at leaiat temporarily. Many of tWe otherwise powerful ea^ly g'eneralizatlQns ' . . 
will Ux[{ with such tiguresj beca'use they canrtot be^^properly^* surrounded. . -^ 

'^t*j.xing up" the generii^lizatious may be undertaken later if desirable; the ^ , 
teacher niij^ht have an interested student try to make the necessary Kno^fications 
or merely try to tormulat^ precisely what lias |t$o be avqided/ > ' ^'^ 

Other k^nd^ ot hollows, however,. n\ay^be dealt with.^^ome of the problems 
in si*etion IV sugj^est that under iiome circumstances surrounding without mod- 
i-tying general rules is possible, even when portions of a figure are hollows, y*. , 

A , • . ;\ ^) ■ . ■ . 

h^C:h ot the three figures below may be surrounded according to the second for- 
tmila m yettionvV (for -exampl>j, S = 2 X L *+ 2. X L 2 X11 + '. 6): 



/ 



None of the formulas given so far, hoWfever, will, Work for this figure: 



7 



page: 



answer: 



12 



30 



14 



22 



20 



Let ua now se^e if we can find a rule ^or dealing with hollows, wherever the^r 
^ ,>/fI\nd,- providing they are "legal".- that is,, more than 1 centimeter 

across* so thjit the/ can in fac^t.be properly surtounded. ' Such a rule is . 

'• ' « ■ '1, ■ 

auggea,ted by the-foUowing sequences of problems: .. , ^ 



1,. 



a 



5 



p. 21 



5 










3 




5" 





p. 20 













5 























■ / 



p. 19 



4. 



















5 




■s ■■ 











p. 18 



answers: 



180 



30 



14 



6. 



K 







3 


3 



4 



p. 2 



7. 



4 



p. 4 .. 



If 



\ 



p. 5 



9. 



10. 
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e^jniswers: 



7 













3 




1 


1 


1 


1 





J 



5580 



ao 



OA » 



■30 





2^ 



p. 6 



P- 7; 



i 



U. 



p. 8 



\ 



9 



The fact. that Jioll'ows can be looked fVr and their effects computed allows 
solutions to rather com^)lex figures such ^s this one: 



I 



This figure-has overall dimensions of 1 2 X 1 0 , /and it has three hollows, with ' 
depths of 3em. 1 em. , and 4cm. The reader may. Verify that surrounding it . 
:^would take 4X + Z X 10. + 4 + 2(3 +1 + 4 or 64 whites. 'Such a rule 



pag«: 



8 



17 



ERIC 



answer: 

1 



1,8 



30 



30 



■ ... 

I 



5j 



) 



19 



can be extended to deal with more complex hollows such as these/ 



> 7 




10 







% 






■ ) 




















. <^ 










3 


3 


















<* 






7 









» The range of problems pne can tackle with "surrounding" allows many 
teachers to go quite far with a class into some of the ideas of piathematiCs. 
In kindergartea and first grade*vhildren haye^^^problem of counting correctly 
and so invent such techniques as hieasuring bjlocks and multiplication,r» 
Uncovering numerical relatignships ^as. a way of predictin^simrple cases 
is a special bonus. Sixth-graders, in their turn, can puzale over the 
equivalence of apparently quH^diffe rent formulfts ■ — and s^, find themselves' 
concerned with probje^ns of algebrc^ic manipulation^ 

As was mentioned earlier, what surrounding usually does is closely ^ ■ ■ 
related to finding perirne^ter. In fact, a^few exerciseaL will. reveal that for 
most of the problems in tTiis paper the perimeter is jult 4 less than S . Is'*^ 
this true for all problems? For example, predict before working it out 
whether there is a difference of 4 betweeA perimeter axid S in these .cases: 













7 




5 




5 




5 




5 




7 








7 
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answers: 



4 > 8 17 



20, 30 30 



9 * 



. At some point, pap.ticular.ly after children have started to use measurihg,^ 
• blocks,- you might consider surrounding by blocks ptfter than the whites,. Now' 
the num.ber of blocks needed is not the only question. 'One also wonders if a 
figur'o can in fact be ^completely surVound^ed that is, with no gaps, just as/* 
though it we re a unrounded by whites . ^ Her e is a brown>surrounded by r eds; • 



V 




Questions: ^sing:reds., is it possible to surround a bl\xe? Three-blues side 
by side? This figure: .. 










f 










I 








i 






5 














5 





Make some predictions about surrounding with light gr-eens . Finally, A)^/hat 
happens when you surround in three dimensions ? . (Again one should avoid ■ 
hollows with a width of 1 centimeter.) How can, all the fore:goihg rules arid 
generalizations be consistently. extended? 

As might jDe expected, the- range of ideas that-can be eov.ered by a given 
teacher with jiis class d4?ends only on his interests and those-of his. students 



i 



I' 



Sumniary of Problerr^s iii the Film 

• ■ • /' ..*••. 
^'Surface Area With RlbcksV 



lst<iradt», James Russell Lowtill School^^Watertown^i Massachusetts 
' • / l^eacKer: Phyllis R, Klein . ' 



.1 



i knovAh 



.hat you^.have worked with thege blocks- before), Ho\v many White 

... . \ ^ ' ' *■ ■ " I ■ ' ■ 

bloirks dof^s it take to build this. yellow block? (5) ' , 



1: . / 



H|ow many white bVbcks to build this ■red bl^? (2) ' . 
Doos it taku more or less than' 10 Avliite l^locks- .to build this blue one? 

Now, yoii have to think. of a big pile of Vpostage, stamps (I h^ye sorcie^ 
right here.) Each^postage stamp i^^is big as oh^\side of. this white block. 
'^They-ia'rt^ all the same siie. How many postage stamps wouiii it;, take to 
cover th'e whole outside of,this white block? (6) » 



^^Now you want^to cover the; 'outside of thq red block. 



What happened to the other two? 



( Wrong^a^isv^er: 12 ), \ 
• (10) 

■ ^ ' 

(The two^white blocks have to 
be apa^t to make* IZ because 
\ if ypy'put them together two of 

*^the ends a^e together and you - 
. can^t count those. ) . . 



How many postage gtamps will it take to cover ^1 *of thi^ orange block? 

*: ' (Wro;ng aaawers of 100, 52 ) 



Hpw did you get 42 ? 



(42) ' . , ' • . 

("Each bneds 10.: I counted IC, 
20, 30, 40, and the i| the two encj 
you count one for earch of them* 
^ so itstvould be 42 . " ) 



•4. 



2 1) 



are. Kqii t g u, a t ari c u v c x iug this da r k Breen block < tf th posTag e stampa. ' ■ — ' 
and we'll keejg counting them until we. have covered the whole\hing. . 

/ r ' - . ,,(Whisper^3d answers; 26; 26, 26, 46) 

No, not 46 . « • " ■ / 



Now you have to think of a block that's yery big; it takes '100 white blocks. 
. to build this^block. wa^t^to cover this v^-ry tamblock with postage stamps. 
•t How ma'ny atahipa'will I need? ■ . • (40.2)- ■ '. ' ' 

^ Now think of a v^j^y tiny block tl;iat's even smaller; ehan" the .A^'^ite . block,- .. . 
It's called a half block. v ' " ' " * ■ . • . . , 



.• How many stamps wilM. need to cover half? ( | of a stamp) • 

^ ■ • . . . ■. ■ . ■ ■ 

Here 's half the stai^\p and I will show' you a block that's', cut in half. ' 
. There is the half block that you haVe to cbverk And here is a ^t^mp. • 
Will you need. more than one to cover the whc^thing? ' • 

. . ^ . . (You would have to cut some 

' stamps in half,) 

H.ow many stan\jjs -\vouVd you^ lik # ' 

We now hav^' aillnhe.-sides' coverjed andw'e used 2 stamps for that. , ( 
•-Now what?., ' V •• , (l|ut a whole one.ontop.) 

Aad now you've covered everything ? ' (Except the bottom) 

9 f • '■ ' . ^ ■. ■'• . > 

What will you need f-or .thfe bottom? (Oi-^e whole). 

■ • ■ ■ . ■ . ■ ' )». . 

One whole, and how many stamps Will it take to cover 't^e whole thing? 



Can. you think of a block that's even smaller than the | block? 



' . (A I block) • 



Thje iia,me quelrtion:- here is a \ block and ^ou want cover the whole 

block with these .stamps, ^ ^ V (Wrong answer of 6 ) 

' •' . ■ * • 

Yea, you would need 6 parj^a(, but/ I^don't think that it would be 6' who]le 



,How did you git that? 



, (I ju;st counted'the sides right 
here and that makes <one whole 
' and then 1 counted the bottom 
^ ^ and the top artd that's three. } 

How many stanips to coyer this yellow block? (22) > . 

• ■ ' * 

Here are two yellows out in the air separated. How m^ny stanaps do I nee4 

for ^oth of tht^m? (44)-^ 

• ' ■ ■ > » 

Now take some glue and I' will glue them together, How many stamps * 
does .it take now? I I ' I - (42) 



■fvlow we are working on this one:.* 



Now wlxat about this one? 



A^d how about this: 



How many startips to cover that? 

(Wrong answer': 43 ) 
C42) 



And this one ? 



(34) 



3 




EIow tnany yoUow blockti do I have here?" 



(4) 



. How many stamps will it take to cover -these blocks? 

> ^ ' (58) 



, 'Jl 



Here is another stack of blocks* There are four orange blocks here* 
^ ' (108) ^ 

■* . ■ ■ - ' ' . , "/ 

. A probleiVi to think about that we w6n't do now:, 8 yellow l^locks all 
suspended ip air^ How many stamps would it take to cover it?f;,K. 



2ci 



/ 



at 



^Supplement 

Using DlockH to Introduce Other Bases 
of Numeration to a Four^ Qrade 



Teacher: David ^. Page 



vSeveral 
Teache r: 
Student; 
Teache r: 



Scott: 
Teacher; 



Joyce: 
Teache t\ 

Ronnie : 

Teacher: 

I^dward; 

Teache r: 

vScott: 

Diane: 

r 

Mark: 
Teache r*4 
Class: 
Laura: 
Teacher: 



ou 



^ ( Fir«t Day ) . ^ 

white blocks are lined up. 

How many blocks? • , 
» 

i ■ ' ■ _ ' * 

If couldn't use the word "eight" , wh^other^iVar^sj^ 

' ' ■ ^ , 

4 + 4* * . . 

If yolj don't use any ordinary words ipr numbers? 
5+3 



All those words, such as one. two. three, and so on— you gan't 
use them.. When ym couldn't count, how tvould you say how many 
blocks? ' 0 , 

With fingers ! ^ • ^ ' 

Yes, can yx)u think of other ways? 

H blocks, because H is the 8th lettet in the alphabej. 



Good. 



1 



You could say "some" blocks, but that's not exact. 

"Do" blocks, like in music. 

I. 

MaHe a number lin| on to^ of the blocks. 
How about I, II, III ... 

» 

Roman Numeral. 



You'd \^ant VUX. 
Or X - II. • 



3^ 



25 



Andy: IX is eleven, . - ^ 

Teacher: No, XI ia eleven; IX ia'ndne. Maybe IIX could be eight* What 
we're going to do today Is to find out about a difffprent way to^ 
write numbers* * * ^ 

The teachei' puts out 13 white blocks. / ; 

■ ■ " ' . ■ . ■ • * 

Teacherj . How rhany blocks? * ' 



Jane: 



Thirteen. 



The teacher writes 1 3 on the board. 

Teacher: Wherljku write 13, the "1" tells you what?/ 

miLy: . Ten. ' 

Teacher: That's one big block. (He puts 1 orange in place of 10 white blocks.) 
' When we write in yellow chalk fram now on, we'll not measure with 

a the orange bi|bck, but instead we' 11 measure with these yellows . So 
now we're asking how many of thes^ (yellow), and how much more? 
To measure these (holds up eight white ones), how many yellows do 

I need, and h^w, much more? • ' y 

Writes on board: • / ■ ^ 



.4i 




Di^net. 
Teacher: 
Diane: 
Teacher: 



"A yellow is five. ' 
But let's not day that word. How many yellows do i need?' 
One yellow and three Whites. ^ . > * ^ - 

We'll write th^t I I 3 



The teacher .ncJw puts out U white blocks. . 



Teacher; 

Student: 

Toachur: 



I III I II 



Tfve question la, ^ how lY^anyyellowa^and how mai^^ more? 
Two yellows, and two \yhitesi* I " I " I - > 

Now how many? 



Mi 



Student: 
Teacher; 



Three yellows and rN^ whites: 3 [ q 




1 won t always write the;boxe8. I may just write, with yellow chalk V 
U , ZZ , or 30 . The yellow chalk tells you I'm/talking about yellow 
blocks and white blocks. We'll proribunc§'it "otie -three", "two-two", 
and "three -oh". Now let's, count in new language. 



He begins to write on board: 
S'tudent: 10 • 



1, 2 



3 , 4 , 



Teacher: 
Karen: 
Teiicher : 
Karen: 
Teacher:^ 
K very one: 



Noxt? 

But in yello\ys and whites?' 

Next? Everybody. 
12 , 13,, 14 . 



Teache^:•^.^ What comes next* 

Student: lO,Zl,^i, Zi , z^ , 30 . 

Gayle gets stuck on the next one^ ' 
Teacher builds it with yellows and whites: 



bayle: 
TeaQheu*. 

Joyce: 
Teacher! * 

Steve: 
Teacher: 
Gayle: 
Teacher: 
'^.'Diane: 
Teacher: 



31 

Good. Who c£\n translate that back to old lai>gUage? 

ft' 

Yea. In new language it's 3 yellows and 1 white. Now who can 
count <iuite a way in' a hurry? 



32„ 33, 34, 35— oh! ^ 40,^ 4l, 42, 43. ' . 
Who cart translate 43 into old language? 
23'' ' . ■ 

Soon we'll have a problem. 
43, .44, 50. , 

Now we're in trouble. Our new language doesn't have any fives. 
You were thinking of this. (He builds 44 + 1 .) . 



Karen: 



Teacher: 



Mark: 
Teacher: 



/Instead of yellow, get a bigger block so'it wop' t add to five 
for a while. . 

Imagine an odometer, the thing in you:^ car that tells how fat 
you drive* , > 



0 



0 



Now, when ybu drive anbther nrdle, what happens? 
It changes to 10. 
This changes to P , 




ania when it does that, it moves this wheiel so that I shows. 



Kach of these is ci Tittle wheel \yith ambers on it: 




Now imagine an odometer that has only 0, 1, 2, 3, and 
4 on each wheel: ^ ' 




Imagine the same thing again. Yqu drive one more mile. The 
'right hand wheel moves one unit so that it .shows zliro, and the 
wheel next to it moves one unit. What bhows txSn ? 



•vStvjdent: 
Tea Ae r: 



;i 0 



Yes. And it goes on jiust the way we've been dounting «ntil ) 
you get I 



0 ► 4 




Now what will it do when you go another mile? 
One hundred— 100. . 

Teacher: ^Translate 100 back to old language. 
50? 



Mark: 



Teacher; ^. 44 



new language 



24 



old language 



Mark: 



33 



The teacher . holds up fiVe yellows side by side: 




Teacher: What^s this face — what's it called? !^ ■ 

' ' • . ... * * '• • 1 

Various answers:^ wall, block, square. • - . 

Teacher: So 100 (one-oh-oh) is like a dquajre. Now we'll do arithmetic 
in new language, 

Teacher: Answer* these in new language. ''^ 

(Writes the following problems in yellow chalk.) . . 

■ ' . ■ ' . . * * 



4 + 4 + 4 + 1 



□ 



(Builds thi^ in white blocks* ) 



p. 31 

p: 32 



Teacher: Tq answer this problem (above), how many yellows do I need to 
trade for as me^ny whites as I can? * ^ 

(Trades with Jimmy: two yellows for ten whites. ). ; . / 



More prcvblems: 



2 + 2 + 2 + ■ 2 + 2 - 



tiJn 




30 



Teiicher: :^Vfhp cpji tfanslate this \vhole problem (above) into old. language? 



7 + 8 15 



Pi 33 
p. 34 * 



Y 



* Problems left unanswered here are to be worked by the reader as he proceeds. 
Answers will be found' at the bottom of the page indicated at the right of each exer- 
tise. For example, the Answer to the first^roblem is on page 31. By means of this 
. ^*tcachinfl machine'* a^'rangement, the reader may check the answer^,to one problem 
without Inadvertently learning' the answer to the next. 



34 



V 



Teacher: 



Now Vm mixing. You keep track! The^ box tells what language 
the an'sweT should be in. lithe box is yellow, 'the answer should 
be in new language. * 



old 



old 



old 



X 



old 



old 



X 5 



old 



12 



old 



1^ 



old i 



new 



12 • 

n,ew 



□ 

□ 
□ 

□ 
□ 

I ■ I new J 



new 



nfew 



old 



35 

.P - 3/1 

p. n 

p. 38 
p. 39 



Mark says 14 for an answer, to the last problem. The teacher builds 14 
in new language, the n builds old 1 2 and new 12 . 

Teacher: How many yellows, if we trade these (old 12 and newT2) ? 
Donna: 1^ ' Three. • , 

And howmany whites left over? 
. Four. 

Let^s'see. Is 10^^^ an even number or an odd number? 

V . • . . . ■ 

Even. • ' 

Does anyone know whether this is even or 
using 3 /yellows and 3. whites.) 

Kvcry E\en in new language and odd irfoid. 

Is theV{}nmber.,o/ wMte blocks here an e:yen dumber or odd number? 



Teacher: 
Mark: 
Teacher: 

Andy: 

"^reacher: 

. /. 

Steve: 
Teacher: 




(Builds 33 



new 



In the cla^sv the distinction between -old" and *"!new" language was made by 
the color pf chalk: yellow f^-new- and white for "old^ The subscripts -Id- 
andrnew" are used here to avoid two-color printing. . 



Paije 


^0. 




~l4~ 


35 


38 


39 


Answer 


^ 12 


75 


15 


2,000 


4,444" 


122 



^2 

ERIC 



Stev6: 
Teacher: 



EveiM 



Andy: ^ 
Teacher: 
Jane: * 

4 

Teacher;l{!5l 

Diane: 
•Teacher: 
Diane: 
Teacher: 
Diane: 



Yes, 33 *l6ok8 litfe an odd number but it's really even. Suppose 

new . . 

I build 33 a different way? .(Builds it as 2 yellows and 8 whitfea.1 ' 

-new • ■■ — 

• ■ . ■ / ■..<■'%'.." ■ ■ • • . ■■ 

* *■ ■ , ■ ' >% ■ 

That' s still 33 . Still even. 

How about this? (Writes 34 ' >) Odd or even? ' . 

. / - ■ -new . .< • 



Odd. 

Even pr odd? 12 

new 

.c ^ 

Odd. 

Y^s, Old language? 

•? 

Odd or even? 
Odd. 



Teacl^r:«. 100, new language: 

r ■ ^ 



Mark: 
Teacher: 



Odd. 
24 



new 



Eveirybody: Odd. 
Teacher: Fooled you. Here's the 2 . /Holds up 2 yellow blocks. ) 



Tommy: 
Teacher: 



25 is 100, . so 24 is even. / 

Y<ju*re right, but two-four in new language is much smaller than 
twenty- four in old language* 



Diine: 
Andy: 



What is 121 

20 
36 



new 



old 



p. 40 




Page 


30 


" 33/ 




36 . 


39 


Answer 


23 


11 






444 


37 



3o 



Teacher: 
Andy: 



Teacher: 



Ronnie: 
Teacher: 
Davi*d; 
Teache r: 
^Cheryl: 
Teacher: 
Cheryl: 
Teacher: 



— — 



Yes. Even or-' odd? 

^en. te cause 1 = 1 yellow square^ = 25 




Z ~ 2 yellows 
= 1 white block 



300' 



new 



400 



new 



444 



new 



□ 

Q 
□ 



old 

Id 

bid 



Close. You did 424. 

124 V . ' \:. ■ ■ ■ 

4 ' 

Yes. Nb\y go one bigger tjban 444 
1000 

What' s that in old language? 

125 ■ . 

Problem for tomorrow: 

Even or odd: 121 



new. 



new 



400 



new 



And how can you tell fast? 



old 



= 10 



36 



old 



What do ^ye write? 



p. 31 
p. 32 
p. 34 



r. 



p. 35 
■p. 36 



ERIC 



1 ^ 



• \ 



' Pafle 


30 


34- 




38 


39 


Answer 

1 Tt— T 


20 

/ 


30 X 15 
new old 


^ 1,000^ 


10,000 


yes 



33* 



Teacher: * 



old old 

4 



new 



(Second day) 

OZLid^' 



.Id 



ERIC 



measure, with yellows and whites, 

* . ■ . . ." 



lew 



4 +4 

new _ ^ 

Ma A: * 40 

Teacher: Let's 
Donna:' 1 yellow and 3 whites. 

Teacher: 4 + 2 = I 

new new 1 nie 

.1 yellow and 1 white. 

4 + 4 + 4 + 4 

new- V new new ^ : 

\ ■ ■ ■ 

3 yellows and^l 

4 . X 4\ r = pn 

ii%w , new L U 

3 and 1? ^ \ ; j. 

31 C^^Three-ofte'*) 
new 

10 + 10 
old new 



David:' 
Teacher: 

Tommy: 
Te^cheri 

Cheryl: 
Scott: 

Teachf 



new 



I— jnew- 



r: 



old new 



13 +12 
new 



new 



Dennis: 

Paula: 

Jane: 



22 + .23 \ = 

new new 

8 yellows and 3 whites. 

■ v 

8 yellows and 3 whites. 

9 yellows. 



Paae 


30 




36 


39 


40 




3Q 




2,000 


13 


42 



p. .36* 

\a " ■ 

p. 37 



p. 38 



p. 39 




p. 40 



■ \ 
p. 31 

p. 32^ 

p. 33 

p. 35 

• ■ . ». 



th*t teacher builds the- problem: builcfs 23 ' ; fend startsi-to buiW 



23 

* Teacher: 
JinYmy: 



new 



th( 



Hnnd^»are in the air. Jimn|y answers; 45. 
But you can't .say S,- so'what is it? /'■•■ " 



T.Cc^che r: 



.. new new 



3 x ' 3 . 
new new 



new 



bid, 




old 



3 X 3 . • 

- new new 




231 



new 




o*ld 



Laura: 



'teache r: 

. Joy c e : 
Teache r; 
Tdmniy: 

Teacher: 



(36ri^Very time a number- is lOG, it's 25. ' So it's. 50 ; a«d 
3 is 15; and 15 + 5a is 65, plus 1 is 66. '^f 



444 



new 



old 



444: 



Now translate it back to regular language. 
124 




< old 



new 



Laura s remarks are reproduced here y/ithout subscripts because a child 
will frequen^Jjy^omit them in verbal discourse. The readej| (and teacher) is ^ 
encouraged h^to inter r Apt the explanation, which is essltially cor rect, but 
supply the .aW^ils . later if desired.. 



Page 1 




.33 


34 


36 


3? 


40 


Anawer 1 




even 


100 


4,010 


10 


22 



Karen: 



^ Karen: 



Teacher!* 



888 



Teacher: There arenU any 8*8 in our new itijnguage. ; 



1000 



Teacher: ^ Warm, but clon^t say [[one thousand, 
Ronnie:. Pne-ob-^h, # 

Gheryli One-ohLoh-oh. * 



.124 



old 



new 



77 



0 ■/ 



■ i 



f 



p.' 32, 



^heryl: 
TeaAel-: 

-^^heryl: 
Teacher:. 
Mark: 
Teacher: 
Scotf:, 

■ « . 

Teacher: 



444 



125 



old 



500 



No fives in new language. 

. » ■ 

100 

Better to read the digits. 



" One'^oh-oh-oh* 



Now, Cheryl:^ 250 



old 



new 



p. 33 



i 

p: 34 <^ 



Cheryl; 
Teacher:^ 

Andy^ 
Teacher: 



ERIC. 



Two-oh-oh-oh. 



505 



old 




new 



One - oh- oh - oh^ oh . 



YouVre ahead of us, Andy. 



p. 36 



Page 


31 ' 


33 


34 , 


' - ^ ' 36. — 


. 37 


39! 


40 


Answer 


40 




•ven 


8 


100 = 25 , 7 
new (ild 


4,044 . 
^ 


> 11 


132 



A 



Steve: 



4000 



Teacher: . Steveg^^ou did this one: 500 , 

^ K old 



So now do tl:jjlfl<5 




new 



Steve:' 



Teac'her 



Richards 
T.eatcher: 



Richard: 



4010 



524 



old . 



4040? 



That says take 4 of these (jthfe yellow cubes) and 

so.it would be.404O ,'" = . 520 

■ new . old 



4044 



Teacher:,.)} 
I- . 



Scott: 

9 

Mark: 
Teacher: 



550 



525 



old 



old 



4j070 

4060' 

10000 



new 



n^w 



You know that 500 ,^ := 4000 and that 25 

oid , jfiew' < 



Studen 



7 



So What's 52(^ 



old 



4100 




new 



Paae 1 


3.1 




35 


i 39 


Ad 


Answer || 


iloa 




. 9 


» 3i 


•.42 



Teacher: 



Aiid 550 

old 




r 

new 



Linda: 

David: 
Teacher: 



4200 



6O0 

old 



4400 *' 



624 



old 



new 



new 



Karen A: 
Teacher: 



Student: 
Teacher: 

4^ 

Ditvid:* 

Teacher: 



4440 



Figure out how much this is:. 500^^^* + ^^^^j^^ + ^^old " 

• . . - 

Now, hww much s^hould we add to get 624 ' ? 

* * . old 



Oh ! I see. 



new 



What's my npxt quesi^idn^ 



6^5 



old 




new 



What's the au^swer? 



new 



• 0 






t 




\ 




0 


\ • > 












* 


















f ^ • 

V 




SI 


. 34 


3B' 


37 


39 


40 


Arts^er 


»^19 


11 




, 4»200 


' 12 


45^ 

^ ' 1 





4 4 4 



Teacher: Now some quick questions in yellow chalk (n^w language): 

□ 



3+2 
3X2 

* 

4 'X 4", 

3^+4 



Teacher: 




□ 
□ 



p. 34 
p. 35 
p. 36 
p. 37 
p.'38 
p. 40 , 



this problem fiust in new language, then translate it and 
work' it in oldylanguage. Do the answers agree? 




'new 



+ 23 



new 



n6w 



p. 31 



24 



+ 13 



old 



old 



p< 32 



Agree? 





31 


34 


35 




Answer 


34 


31 


66 


4,100 \ 



# 



p. 33 



\ 



'I'eacher: V P<> the «amt^ fdi* thia: 



14 



new 




new 



old 




p. 34 



p. 35 



T(»iU-hor: ' Laat problem: (In each oqiuition, put the; sanio number in both boxos-,) 





I 








+ 

new 


1 


t 


\ 










r . Hint: 




old 

■ *« 


I 



new 



+ . 3 



322 



pew 



old 



+ 3 



87 



old 



p. 36 



p. 37 



^ . A late r hint: 



old 



6ld 



84 



old 



p\ 38 



f 



r 



; f 



I" 



i * 




I Answi'i 






, 34 


36 





35 



124 



38 


39 


4,400 


4 



